The Lucas-Washburn equation is a fundamental expression used to describe capillary rise in geologic media on the basis of pore radius, liquid viscosity, surface tension, contact angle, and time. It is known that a radius value significantly smaller than the main pore radius must be used in the equation in order for the predictions to fit the experimentally measured values. To evaluate this gap between theoretical predictions and experimental data, we conducted several capillary rise experiments using Berea sandstone. First, to investigate conditions in which pores of any size are available for capillary rise, an experiment was conducted using a dried core. Next, to adjust the size distribution of pore water before the capillary rise, gas pressure was applied to a water-saturated core and water was expelled from pores of r > 10 μm; then, capillary rise was initiated. Under this condition, capillary rise occurred only in the pores of r > 10 μm. The same experiment was conducted for r = 3, 1, and 0.36 μm. When narrower pores were made available for capillary rise, the overall rate of rise decreased and approached the rate observed when the sample was dry initially. This observation suggests that the capillary rise in narrow pores plays a significant role in the overall rate. Based on these results, we propose a conceptual capillary rise model that considers differing radii in branched pores and provide an example of a quantitative description of capillary rise.
Background
Geologic media commonly have pores of various sizes and shapes. When water comes in contact with a geologic medium, it is drawn into the pores by capillary force. At equilibrium, the height of capillary rise in a vertical pipe with a radius of r at 20°C is estimated to be 15, 1.5, and 0.15 m for r = 1, 10, and 100 μm, respectively. An understanding of the mechanism and rate of capillary rise is important when considering the transport of water in geologic media near the ground surface (i.e., imbibition and drying), associated processes such as rock weathering and soil formation, water availability to plants, and contaminant migration.
Capillary rise is driven by capillary pressure, ΔP (Pa), and ΔP is correlated to pore radius r (m) as follows:
where γ is the surface tension of the water-air interface (N/m) and θ is the contact angle. This equation shows that capillary pressure increases with decreasing pore radius. The volumetric flow rate q in a pipe (m 3 /s) is given by the following Hagen-Poiseuille equation:
where l (m) is the length of the pipe, ΔP is the pressure differential between the inlet and outlet of the pipe (Pa), and μ is the viscosity of water (Pa s). In addition, if capillary rise in a pipe with a tortuosity of τ (dimensionless) occurs at a rate of v (m/s), we have
where x is the height of capillary rise (m) (τx = l) and t is the elapsed time after the onset of capillary rise (s). By combining Eqs. 1-3 with τ = 1, the Lucas-Washburn (L-W) equation is obtained:
This is a fundamental equation for understanding capillary rise in pores. However, it has been found that the x-t relationship predicted by the L-W equation with simple assumptions (e.g., a constant, realistic r and a constant θ) does not agree well with measured, experimental data (Dullien et al. 1977; Hammecker et al. 1993) . Methods to improve the L-W equation involving change in contact angle (Einset 1996; Siebold et al. 2000; Heshmati and Piri 2014) , non-uniformity of pore radius (Dullien et al. 1977; Erickson et al. 2002) , tortuosity of pores (Benavente et al. 2002; Cai et al. 2014) , non-circularity of the cross section of pores (Benavente et al. 2002; Cai et al. 2014) , and inertial effect and pore wall roughness especially at the earliest stage of capillary rise (Szekely et al. 1971 ) have been discussed. A geologic medium usually has a complex pore structure, and any of the variables τ, r, and θ can change depending on the position in the medium and the elapsed time of capillary rise. Therefore, it is often not easy to determine which factor most affects the overall rate of capillary rise.
For this study, several different experiments were performed using sandstone, each designed to evaluate the effects of pore size on the rate of capillary rise. We compare experimental results with theoretical predictions based on the L-W equation, discuss the mechanism of capillary rise, and propose a conceptual model that can account for the experimental results.
Methods

Sample description
Berea sandstone from Ohio, USA, was used in the experiments. The sandstone is composed of 88.9 % quartz, 3.4 % feldspar, 2.2 % carbonate, 3.9 % clay, 0.5 % evaporite, and 1.1 % other (Zhan et al. 2010) . Figure 1 shows a backscattered electron image of the polished surface of a sample. Typical grain sizes were 150-250 μm. The open-pore porosity of the sample (ϕ open ) was 18.7-21.9 %. The value of ϕ open was determined using "ϕ open = (W wet,sat − W dry ) / V", where W wet,sat is the water-saturated sample weight, W dry is the dry sample weight, and V is the sample volume (water density = 0.998 g/cm 3 at 20°C). The pores were saturated with water under a vacuum following the procedure of Yokoyama (2013) . The transport-pore porosity ϕ tra , calculated by subtracting the fraction of dead-end pores from the fraction of open pores following the method of Yokoyama and Takeuchi (2009) , was 17.6 %. Figure 2 shows pore size distribution determined by the water expulsion method (Nishiyama et al. 2012 ) using an initially water-saturated sample of Berea sandstone. The majority of the pores (76 %) had radii ≥ 10 μm. The fractions of pores with radii of 1-9 μm and < 1 μm were 22 and 2 %, respectively.
In the analysis of capillary rise, we incorporated the effect of pore tortuosity (τ) into the L-W equation. The value of τ was determined as follows. First, permeability (k) of the Berea sandstone under saturated conditions was determined by a constant-head permeability test (Yokoyama 2013) . The value of k was 2.16 × 10 −13 m 2 at 20.2-20.6°C, which was determined by Darcy's law, as follows:
where Q is the flow rate (1.13 × 10 −8 m 3 /s), A is the cross-sectional area of the rock (5.15 × 10 -4 m 2 ), ΔP is the differential pressure of water (1.16 × 10 4 Pa), L is the thickness of the rock (1.14 × 10 −2 m), and μ = 1.002 × 10 −3 Pa·s. For the case of a circular tube of radius r, permeability k and pore radii (r) can be correlated by the following Kozeny-Carman relation (Carman 1956; Paterson 1983; Walsh and Brace 1984) :
By inserting measured values of k, ϕ tra , and r (1 × 10 −5 m from Fig. 2 ) into Eq. 6, τ was calculated to be 3.19.
Experiment 1: measurement of capillary rise using a dried core Figure 3a shows a photograph of the first experiment, which investigated capillary rise using a dried rock core. The rock core was 3.44 cm in diameter, 15.2 cm high, and 298.0 g in dry mass. At the onset, the bottom of the core was dipped in pure water (milliQ) to a depth of approximately 3 mm. The wet and dry portions were visually distinct, and the variation of the height of the wet front over time was monitored. The temperature and relative humidity were 19.4-20.3°C and 40.6-47.3 %, respectively, measured every 10 min for the duration of the experiment.
Experiment 2: measurement of capillary rise after controlling for the size distribution of pore water
In experiment 1, water could infiltrate pores of any size because the sample was initially dry. Also of interest is the rate of capillary rise when pores smaller than a given radius are filled with water before the onset of capillary rise. To achieve this condition, we applied the following water expulsion method. First, the lateral side of a rock core sample (2.46 cm in diameter and 4.94 cm high) was sealed with resin (Technovit, 4004; Fig. 3b) , and the sample's pores were filled with water. The sample was installed on an apparatus for water expulsion (Fig. 4a ), and gas pressure was applied to the bottom of the sample. When the difference in gas pressure between the top and bottom of the sample (ΔP gas ) overcomes the capillary pressure in a pore, water in the pore is expelled to the top of the sample. This occurs when the following condition is satisfied:
where r is the radius of pore from which water is expelled (Yokoyama and Takeuchi 2009; Nishiyama et al. 2012; Nishiyama and Yokoyama 2014) . Equation 7 shows that the minimum radius of empty pores after water expulsion decreases as ΔP gas increases (Fig. 4b ). Expelled water was wiped away with tissue, and pores larger than a given radius emptied. After this water expulsion treatment, the sample was weighed, and the capillary rise experiment was initiated (Fig. 3b) . The water expulsion treatment was conducted for four pore radii using the same sample: the values of ΔP gas applied were 146, 485, 1441, and 4000 hPa, corresponding to radii of 10, 3, 1, and 0.36 μm, respectively. For comparison, the capillary rise experiment was also carried out with the fully dried sample. In experiment 2, the position of the wet front could not be seen because the sample was sealed with resin. Therefore, the sample was removed from the apparatus intermittently and weighed to determine the amount of water absorbed. The temperature and relative humidity were 17.6-22.0°C and 33.1-44.2 %, Fig. 3 Photographs of the three types of capillary rise experiments. a Experiment using a dried core without a lateral seal. b Experiment using a core with a lateral seal. Capillary rise was initiated after water in pores with a radius >10, >3, >1, or >0.36 μm was expelled. c Experiment for evaluating the height profile of water saturation. Left: during capillary rise; right: after samples are cut respectively (humidity was not measured during the experiments for r = 1 and 3 μm).
Experiment 3: measurement of the height profile of water saturation
This experiment aimed to evaluate how the height profile of water saturation (S) in the sample changes as capillary rise proceeds. First, stick-shaped samples (A, B, and C) approximately 1.0 cm wide, 0.7 cm thick, and 6-15 cm high were cut from Berea sandstone. The bottom of each sample was dipped in pure water to a depth of approximately 3 mm to initiate capillary rise (Fig. 3c , left). After time had passed such that the height of the wet front rose to 3.7 cm (sample A), 6.7 cm (sample B), and 9.7 cm (sample C), the samples were cut into 7-16 pieces (Fig. 3c , right) using a circular saw (HOZAN K-210) without adding water, and each piece was weighed. Then, the pieces were dried, weighed again, and S was determined by
where W wet,S is the sample weight at S (water density = 0.998 g/cm 3 ). Samples were cut in intervals of approximately 5 mm for portions near the wet front and 1 cm for portions distal to the wet front, except for the dry portion, which was left intact. Times required for the completion of sample cutting ranged from approximately 1 min (sample A) to approximately 2.7 min (sample C). To minimize migration of water during cutting, the portions near the wet front were cut first. The temperature and relative humidity during the experiment were 19.3-19.6°C and 38.6-40.1 %, respectively.
Results and discussion
Height profile of water saturation Figure 5 shows height profiles of S during the capillary rise experiments. Measurements of S at various heights in samples A, B, and C are plotted to show vertical trends in capillary rise; arrows show the position of the visible wet front in each sample, i.e., 3.7, 6.7, and 9.7 cm, respectively. From these results, it is observed that S was relatively constant at 0.52 ± 0.05 from the bottom of the sample to approximately 70 % of the height of wet front at each stage, above which S decreased rapidly upward toward the wet front. The value of S decreased almost to zero just above the wet front, which indicates that the difference in capillary rise height between the interior and exterior of the samples was small.
Time variation in capillary rise height in initially dry sandstone
The results of the capillary rise experiment conducted using the dried core are shown in Fig. 6a . The rise of the wet front was rapid at the start of the experiment and gradually slowed over time. As observed in the case of the stick-shaped samples, the difference in capillary rise height between the interior and exterior of the core was small, which was confirmed by observing how the wetting at the top of the core spread at the completion of the capillary rise. The measured capillary rise height can be compared with values calculated using the L-W equation (Eq. 4). The L-W equation is often used in a way that neglects the effects of gravity on the water and the tortuosity of pores, but we considered these factors. Because capillary rise is driven by capillary pressure from which the effect of gravity is subtracted, we have
where ρ is the density of water at 20°C (998 kg/m 3 ) and g is gravitational acceleration (9.80 m 2 /s). By inserting Eq. 9 into Eq. 2, the flow rate q becomes
Thus, ΔP and q decrease with increasing x and eventually become zero at the equilibrium height. The analytical solution of Eq. 10 with q = τπr 2 (dx/dt) is computed as follows:
The solution is equal to those of Hamraoui and Nylander (2002) and Fries and Dreyer (2008) 
The most dominant pore radius in the rock sample is approximately 10 μm (Fig. 2) ; therefore, we initially assume r = 10 μm. As for θ, the assumption of cosθ = 1 (θ = 0°) has been used previously to analyze capillary rise in sandstone (Dullien et al. 1977; Hammecker and Jeannette 1994) and granitic rocks (Mosquera et al. 2000) . In addition, Heshmati and Piri (2014) reported that if capillary numbers (μv/γ) are <~0.001, θ becomes~10°(cosθ = 0.98) for the case of capillary rise in a glass tube. The capillary number of our sample was calculated to be <0.001 for x > 1 mm based on the measured value of v. The assumption of cosθ = 1, therefore, seems to be reasonable. However, the contact angle of quartz, the predominant mineral in Berea sandstone, has been reported to range between 0°and 54° (Jaňczuk et al. 1986 ). Therefore, we also considered the case of cosθ = 0.59 (θ = 54°) as an extreme case. Figure 6b shows the variation of water height with time, calculated by Eq. 11 with cosθ = 1 and 0.59 (γ = 0.0727 N/m at 20°C) and plotted with the measured data. Calculated water heights were significantly higher than the measured values, both in the case of cosθ = 1 and 0.59. Table 1 shows the combinations of r and cosθ with the measured and calculated values that match best, and the results of cosθ = 1 (r = 0.35 μm) and cosθ = 0.59 (r = 0.60 μm) are shown in Fig. 6b . A higher cosθ is associated with a smaller r. Even considering wide variation of the contact angle, the calculated values of r = 0.35 and 0.60 μm are significantly smaller than the main pore radii of the rock, which is consistent with the findings of Dullien et al. (1977) . This result suggests that the overall rate of capillary rise is related to some process occurring in narrow pores.
Capillary rise after controlling for the size distribution of pore water Figure 7a -e shows the variation of sample weight over time (dry weight + initial water + newly absorbed water) during the capillary rise experiments beginning after the water expulsion treatments, and Fig. 7f summarizes these data. As described above, water infiltrates the "empty pores" formed by water expulsion. The position of the wet front cannot be seen in the initially wet samples used for these experiments (Fig. 7b-e) , but for the experiment initiated with a fully dried sample (Fig. 7a) , the time at which the wet front reached the top of the sample could be visually confirmed (70 min, arrow in Fig. 7a ). The weight was still increasing after 70 min in the trial, as depicted in Fig. 7a , indicating that water absorption was continuing. Conversely, for the case in which pores <0.36 μm were initially filled with water ( Fig. 7b) , the weight did not increase after approximately 20 min. Based on the results reported in Fig. 7a , the height of capillary rise in the experiment represented by Fig. 7b likely reached the top of the sample before a stable weight was attained. Therefore, capillary rise after expelling water in pores >0.36 μm occurred much faster than under dry conditions. Likewise, as the size of empty pores increased (Fig. 7c-e) , the rate of capillary rise increased, as demonstrated in Fig. 7f .
A conceptual model for capillary rise Dullien et al. (1977) and Einset (1996) have proposed that non-uniformity of pore radius in a single pore (see Fig. 8a for an example) is a major reason for slower than Fig. 7 Sample weight over time during capillary rise after the water expulsion method. The arrow in a indicates the time at which wetting was observed at the top of the core. The experiment was started with a dry sample (a) or a sample in which the water in pores with a radius > 0.36, > 1, > 3, or > 10 μm was expelled (b-e, respectively). The results are summarized in f predicted capillary rise when using the L-W equation with the dominant pore size of a sample. When a pore consists of a narrow part followed by a wider part, the driving force of water at the wide part is relatively weak because of low capillary pressure, while flow resistance in the narrow part is high. Consequently, the rate of capillary rise in such a non-uniform pore is slower than that in a consistently narrow pore. If the porosity of a rock is formed by repeated "unit pores" such as the pores illustrated in Fig. 8a , the effective pore radius (r eff ) for capillary rise in the rock is given by
where r and l are the radius and the length of a component of the unit pore, respectively (Dullien et al. 1977 ).
The summations represent overall components of the unit pore. In Eq. 12, the factor of 1/3 originally included by Dullien et al. (1977) is excluded because the factor corresponds to the effect of tortuosity, which is already taken into account in this study (Eq. 4 or Eq. 11). If r wide = 10 μm, r 0 = 30 μm, and l 0 = l 1 = 200 μm are assumed on the basis of grain size ( Fig. 1 ) and pore size distribution (Fig. 2) , r eff is calculated to be 1.4 μm, which means that the rate of capillary rise in the rock is equivalent to that in a pore with a 1.4 μm radius, even though the pore radii of the rock are 10 and 30 μm. Therefore, this effect may partially explain the slow capillary rise indicated by our results. However, this effect is unlikely to be the sole factor; according to Dullien's model (Dullien et al. 1977) , the height of capillary rise is predicted to be similar between experiments started with dry samples and with samples subjected to water expulsion treatment prior to the experiment, as shown in Fig. 8a , b. This prediction is inconsistent with our results (Fig. 7f ) . A theoretical calculation of capillary rise in Y-shaped piping with different pipe radii (Mehrabian et al. 2011) indicates that water selectively advances in the narrower pipe because the capillary pressure in the narrower pipe is greater than that in the wider pipe (Fig. 9) . Sadjadi et al. (2015) also reported a similar phenomenon based on theoretical calculations and experimental observations of capillary rise in a simple Y-shaped junction. We extend these concepts to rocks with complex pore structure and propose a conceptual model that accounts for the effect of branched pores with different pore radii (Fig. 10a) . When capillary rise occurs in dry conditions (Fig. 10a) , water advances through a narrower pore (Fig. 10b) , while capillary rise in an adjacent wider pore almost stops near the junction (light backward movement of water front in a wider pore toward the junction may even occur). When water in the narrow pore rises to a certain height (l resume in Fig. 10b ), the pressure drop in the narrow pore overcomes the difference in capillary pressure between the narrow and wide pores, and water begins to advance up the wide pore. By extending the model presented by Sadjadi et al. (2015) , l resume can be calculated by Fig. 9 Capillary rise in Y-shaped piping with different radii, as proposed by Mehrabian et al. (2011) and Sadjadi et al. (2015) . Because capillary pressure in narrower pores is greater than that in wider pores, water advances first into narrower pores 
where l supply is the distance from the bottom of the rock to the junction. Definitions of the other variables are given in Fig. 10a . In the case that l resume > l narrow (Fig. 10c) , water in the narrow pore arrives at the next junction faster than the water in the wide pore (path 4 in Fig. 10c ) and is likely to trap air in the wide pore. Therefore, the wide pore cannot be used as a path for capillary rise, and, consequently, capillary rise through the narrow pore occurs slowly (path 1-4 in Fig. 10c) . If the parameters listed in Fig. 10f are used as an example, and the rock porosity is assumed to be formed by repeated unit pores as in Fig. 10a , then l resume exceeds 300 μm (l narrow ) when the height of capillary rise (l supply ) is above 6 mm. Therefore, paths 1-4 in Fig. 10c are the possible paths of capillary rise under dry conditions, and the corresponding r eff is determined to be 0.30 μm.
When capillary rise occurs after the water expulsion treatment (Fig. 10d) , water can enter the pore on the right (path 2′ in Fig. 10e ), whereas water probably cannot enter the pore on the left because one end of the pore is blocked by the water filling the narrow pore, which traps air beneath it. Therefore, capillary rise here is expected to progress along the wide pore (paths 1-4′ in Fig. 10e ). In this case, r eff is 4.7 μm, which is larger (i.e., higher capillary rise) than the r eff determined under dry conditions (0.30 μm). As the radius of water-filled pores increases, the rate of capillary rise is expected to increase because the overall path of capillary rise widens, as seen in the comparison of Fig. 11a, b . The result illustrated in Fig. 7f supports the validity of this model. Inertia has also been considered to explain deviations between the measured rate of capillary rise and predictions made using the L-W equation (e.g., Bosanquet 1923; Quéré 1997) . Theoretical studies and experiments conducted using a capillary pipe demonstrated that the height of capillary rise dominated by inertial force is proportional to time (Quéré 1997; Siebold et al. 2000) , whereas the L-W equation shows that the height of capillary rise governed by viscous force is proportional to the square root of time. Because the height of capillary rise in our sample did not increase linearly with time (Fig. 6) , the effect of inertia is likely to be negligible, at least for the time span considered in this study. Fig. 11 Conceptual models of capillary rise after the water expulsion treatment with different ΔP in Eq. 7. a Only the pores with a radius of r narrow2 are initially water-filled. (b) The pores with radii of r narrrow1 and r narrow2 become water-filled. Water advances depending on whether the narrower pore is filled with water (case a or b in Fig. 10) 
